Abstract: Millimeter wave (mm-wave) communication is widely considered to be a promising technique for 5G (Fifth Generation) cellular systems. Owing to the high path loss of mm-wave channels, 5G networks could employ a heterogeneous structure that consists of an MBS (Macro Base Station) and numerous SBSs (Small Base Stations). In this paper, we analyze the coverage and rate performance of an mm-wave heterogeneous network. Using user beam selection, we derive analytical expressions for the coverage probabilities of the SBSs and MBS. Furthermore, the average achievable rate for a typical user is also investigated. It is shown that the analytical results closely follow those of the simulations with marginal differences.
Introduction
For developing 5G cellular systems that can meet the increasingly growing demand of high-speed wireless data services, various techniques have been studied. Among them, mm-wave communication is widely considered a promising method as it can provide a wide available bandwidth [1] [2] [3] [4] . Compared with other lower-frequency bands (e.g., microwave band), mmwave channels may experience much higher path loss [5, 6] . In general, in order to extend the communication range, beamforming can be employed with large-scale arrays at the BS (Base Station) and users [1, 7] . However, owing to the CSI (Channel State Information) feedback constraint, it is difficult to generate optimized beams at the BS. Thus, as an alternative, beam selection was proposed for performing beamforming, which only requires limited CSI feedback [8, 9] . In the beam selection scheme, such as the random beamforming approach, both BSs and users generate pre-determined beams. For each BS beam, the users give feedback on the value of the highest SINR (Signal-to-Interference-plus-Noise Ratio) of the receiving beams. The BS then allocates the beam to the user with the best channel condition. Another specific drawback of mm-wave is the severe blockage effect [10] . As signals of higher frequencies are more likely to be blocked by solid materials, the outdoor mm-wave-based BSs may fail to reach indoor users. In this case, it is generally expected that a large number of SBSs should be built in order to create an mm-wave HetNet (Heterogeneous Network) that consists of an MBS and numerous SBSs within a cell [11] . However, as urban areas are
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crowded with high-demand buildings, the SBSs are located in a random manner, which makes the structure of small cellular networks less regular. Fortunately, mathematical tools such as stochastic geometry can offer a solution for the analysis of the performance of such randomly deployed networks [12] [13] [14] [15] .
In this paper, we focus on the performance analysis of an mm-wave HetNet with user beam selection 1) as in Ref. [16] . Based on the results obtained in Ref. [15] , we discuss the coverage probabilities of the MBS and SBSs. Furthermore, with the SINR-based user association scheme, the achievable throughput for a user is also considered.
It should be noted that although the discussion is based on Ref. [15] , the differences between Ref. [15] and this study can be summarized as follows: i) The system setup in this study is a HetNet that could be a promising structure for 5G, and the analysis thus becomes more challenging. ii) To reduce the user feedback, we apply a beam selection strategy while Ref. [15] considers a single user beam scenario.
As the main contribution of this study, we derive an analytical expression for the coverage probability and average achievable rate of mm-wave HetNets with a beam selection strategy by applying a more general path loss model. Furthermore, the effect of the number of user beams on the coverage probability is theoretically analyzed, which provides an intuitive method for optimizing the system performance. From the expression and simulation results, we find that a better coverage performance can be expected with the beam selection approach by increasing the density of SBSs and the number of user beams, which is different from the results obtained in Ref. [15] .
The remainder of the paper is organized as follows. Section 2 presents the system model for an mm-wave HetNet and discusses the SINR at the users. The coverage probabilities obtained with user beam selection are analyzed in section 3. Then, with user association, the achievable rate for a user is derived in section 4. The simulation results are presented and discussed in section 5, and the conclusions of this study are presented in section 6.
Notation: CN (a, v) denotes the distribution of a CSCG (Circularly Symmetric Complex Gaussian) random variable with mean a and variance v. The statistical expectation and the probability are represented by E[·] and P(·), respectively.
System model
In this section, we describe the system model of a typical mm-wave HetNet with beam selection. Moreover, the SINRs at the users with the use of an MBS and SBSs are also discussed.
A typical mm-wave HetNet with SBSs
The mm-wave HetNet considered in this study is illustrated in Fig. 1 , where there exists an MBS and numerous SBSs that are connected by optical cables. We assume that the locations of the SBSs follow a PPP (Poisson Point Process), Λ = {Y j }, with density η, and where Y j denotes the jth SBS. Moreover, users that are uniformly located in the macro cell would be served by an SBS or the MBS according to the user association scheme discussed in section 4. Generally, all the SBSs share the same mm-wave band, which is adjacent to that of the MBS. That is, signals received at a typical user would interfere with other SBSs or the MBS [17] .
To compensate for the propagation loss, the BSs and users are equipped with antenna arrays. In particular, considering the implementation constraint and training cost, we assume that the MBS generates near-orthogonal pre-determined beams simultaneously in order to support multiple users. Similarly, an analog beamformer with pre-determined beams is employed at the users. For tractable analysis, the sector beam pattern is considered for approximating 1) In this paper, we assume that one of the MBS beams or SBSs has been allocated to a typical user. Thus, the beam selection is simplified to obtain a user beam selection wherein users select the beam with the highest SINR for communicating with the MBS or SBSs.
the beams in this study [15] , wherein the main lobe and side lobe gains are denoted as follows: G S : the main lobe gain of the beams at the SBSs; g S : the side lobe gain of the beams at the SBSs; G M : the main lobe gain of the beams at the MBS; g M : the side lobe gain of the beams at the MBS; G U : the main lobe gain of the beams at the users; g U : the side lobe gain of the beams at the users.
Figure 1 Typical mm-wave HetNet with beam selection
Owing to the blockage effect, the link between a BS beam and a user beam can be modeled as an LOS (Line-of-Sight) or NLOS (non-LOS) link. Hence, with a link length r, the path loss can be calculated as
where β L and β N denote the signal attenuations with r = 0 for LOS and NLOS links, respectively. The path loss exponents of LOS and NLOS links are represented by α L and α N , respectively. It should be noted that p L (r) = e −µr denotes the probability of an LOS link, which has been discussed in Ref. [14] . Remark 1 : The path loss, βr −α (we use α instead of α L or α N for notational simplicity), employed in Ref. [14] might not be appropriate when 0 r < 1. Thus, without the loss of generality, we use β(1 + r α ) −1 instead of βr −α in this study [18] .
SINRs of different associated BSs
Owing to implementation difficulties and computational complexity, we consider an analog beamformer with fixed beams at the users. In this case, the beam associated with the highest SINR must be selected for realizing an optimal performance.
Let us suppose that each user has a codebook with N U pre-determined beams. If a user is served by an SBS, the SINR of the ith user beam is given by
where
and
Here, K denotes the number of fixed beams at the MBS, and x M represents the distance of the user from the MBS. h j;i ∼ CN (0, 1) and h b;i ∼ CN (0, 1) denote the small-scale fading coefficients related to the jth SBS and bth MBS beam at the ith user beam, respectively. Moreover, the transmission powers at the SBSs and MBS are denoted by P S and P M , respectively, while σ 2 denotes the background noise power. The adjacent channel selectivity is represented by ρ. Let D j;i denote the link gain from the jth SBS to the ith user beam. Then, D j;i = D, i ∈ {1, · · · , N U } can be modeled as a random variable with the distribution as D = ν k with probability a k , k ∈ {1, 2, 3, 4}, as shown in Tab. 1.
It should be noted that in Tab. 1, θ S and θ U denote the half power beamwidths of the SBSs and users, respectively. Similarly, by defining the beamwidth of each fixed beam at the MBS as θ M , the distribution for the link gain T l;i = T , l ∈ {1, · · · , K}, can be derived, as shown in Tab. 2. 
In contrast, if the ith user is connected to the MBS, the SINR with MBS beam m and user beam i becomes
Based on Eqs. (2) and (5), we analyze the coverage probabilities of the HetNet in section 3.
Remark 2 : In the case of the IMCI (Inter-MacroCell Interference), owing to the large distances between inter-MBSs and users, we only consider the IMCI of the SBSs.
3 Coverage probability analysis with user beam selection
For the coverage analysis with user beam selection, we provide the following definition.
Definition 1 Given an SINR threshold Γ , the coverage probability is defined by
According to Eq. (8), when a user is served by an SBS, the coverage probability can be expressed as
Assumption 1 As the analog beamformer is employed at the users, a fixed beam is generated in a single time slot. Thus, for tractable analysis, we assume that the SBSs are independent for the N U user beams.
Given that the user is associated with an SBS, the probability that such an SBS has an LOS link can be calculated as [15] 
PDF (Probability Density Function) for the distance between a user and the nearest LOS SBS. In this case, the probability that the user is served by an NLOS SBS is
Let us suppose that the radius of the macro cell is denoted by R. We then obtain the following results.
Lemma 1
The coverage probability P cov,S (Γ ) can be calculated as
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In Eqs. (13) and (14), we have
The PDF of the distance to the serving LOS and NLOS SBSs are denoted by f L (r) and f N (r), respectively, and they can be obtained as
Similarly, φ N (r) = 2πηrp L (r)e −2πη
r 0
x(1−p L (x))dx /Ψ N represents the PDF of the distance between a user and the nearest NLOS SBS.
Coverage and rate analysis of user beam selection in mm-wave heterogeneous networks
Proof Based on Assumption 1, Eq. (9) becomes
On dividing the interference into LOS and NLOS parts, we obtain
Based on the moment-generating function of an exponential random variable, Eq. (24) can be rewritten as
Based on Tab. 1 and the Laplace functional of a PPP, Eq. (25) can be calculated as
Thus, we obtain Eq. (15) .
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Then, based on the aforementioned moment-generating function, we can derive Eq. (16) . When the user is associated with an NLOS SBS, V (Γ, x M ) can be proved to be Eq. (14) in a manner similar to that discussed above.
Property 1
The coverage probability in Eq. (12) increases with N U as a higher spatial diversity gain can be exploited.
and N U is set as a variable. Then, Eq. (12) becomes
Next, let Υ = P cov,S (N U ) − P cov,S (N U − 1). We obtain
As
Thus, Υ > 0, which indicates that the coverage probability increases with N U .
Lemma 2
If the user is served by the MBS, the coverage probability is given by
In Eqs. (31) and (32),
, and Z M (Γ, x M ) are given as follows:
Proof According to Eqs. (5) and (8), P cov,M (Γ ) is given by
As in Eq. (22), Eq. (37) can be calculated as
Here, E e
can be derived as Eq. (33) in a manner similar to that in Proof 1. According to Eq. (7) and the moment-generating function, E e
Then, Eq. (34) follows Eq. (40) based on the values of T in Tab. 2.
It should be noted that, in order to avoid redundancy in this paper, we have omitted the details of the proof for F N (Γ, x M ), which can be obtained in a manner similar to that shown above.
Achievable rate of interference limited model
Owing to the high density of SBSs, the system performance would be limited by the interferences caused by other SBSs and the MBS. Thus, for simplicity, we set σ 2 = 0, and the SINR thus becomes the SIR (Signal-to-Interference Ratio) in this section.
Definition 2 Given an SIR threshold Γ , a user is to be served by an SBS if SIR S = max 1 i N U SIR i,S Γ . Otherwise, the user would connect to the MBS.
Based on the user association scheme described in Definition 2, the average achievable rate with bandwidth B is given by
where SIR M denotes the SIR with the MBS and user.
As discussed in Refs. [14, 19] , on considering an upper bound on the SIR, Γ max , Eq. (41) can be obtained as
Simulation results and analysis
In this section, we present the numerical results obtained and validate the analytical expressions discussed in the previous sections.
For the simulations, we assume G M = 30 dB, G S = 20 dB, and G U = 10 dB. The side lobe gains are set as g M = g S = g U = −10 dB. The half-power beamwidths of the main lobes are assumed to be θ M = 6
• , θ S = 30
• , and θ U = 10
we assume β L = β N = 1, α L = 2, and α N = 4. Let P M = 50 dBm, P S = 30 dBm, and ρ = 20 dB. Throughout this section, we also assume N U = 10 and K = 20. In addition, we set the radius of the macro cell as R = 1 000 m. The coverage probabilities of the SBSs are shown in Fig. 2 . It should be noted that R S = 1/πη represents the average radius of the small cells. As expected, the analytical results closely match those of the numerical simulations, which confirms the accuracy of the analytical expression for the coverage probability of the SBSs that was discussed in section 3. Moreover, it is interesting to observe that, on applying user beam selection, the coverage probability increases with the increase in the number of SBSs, which is different from the result obtained in Ref. [15] .
In order to validate Property 1 in section 3, we present the analytical and numerical results for N U = 5 and 10 in Fig. 3 . For the sake of comparison, the performance observed without applying beam selection (i.e., the scheme in Ref. [15] ) is also shown in Fig. 3 . It can be clearly observed that an improved performance can be obtained when we exploit the spatial diversity at the users, and the coverage probability increases with N U .
In Fig. 4 , we present the analytical average achievable rates when R S = 30 m and 80 m respectively. It should be noted that the results for R S = 30 m are relatively lower than those for R S = 80 m, and the degradation is not noticeable when the value of Γ is low. Thus, threshold setting might be crucial for optimizing the performance of the HetNet, which will be discussed in our future work. 
Conclusion
In this paper, we analyzed the performance of an mm-wave HetNet. Expressions for the coverage probabilities of the SBSs and MBS with user beam selection were derived. Furthermore, on simplifying the SINR model, we analyzed the average achievable rate for a typical user in the HetNet. We used simulations to validate the results and illustrated that the coverage probability of the SBSs, with beam selection, increases as the number of deployed SBSs and user beams increases.
